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Exceptional points in non-Hermitian systems have recently been shown to possess nontrivial topological
properties, and to give rise to many exotic physical phenomena. However, most studies thus far have focused
on isolated exceptional points or one-dimensional lines of exceptional points. Here, we substantially expand the
space of exceptional systems by designing two-dimensional surfaces of exceptional points, and find that sym-
metries are a key element to protect such exceptional surfaces. We construct them using symmetry-preserving
non-Hermitian deformations of topological nodal lines, and analyze the associated symmetry, topology, and
physical consequences. As a potential realization, we simulate a parity-time-symmetric 3D photonic crystal and
indeed find the emergence of exceptional surfaces. Our work paves the way for future explorations of systems
of exceptional points in higher dimensions.
I. INTRODUCTION
In recent years, there has been growing interest in explor-
ing novel effects in non-Hermitian physical systems1–3. This
has provided great insight into aspects of fundamental science,
including parity-time (PT ) symmetry4–7 and novel topolog-
ical phases8–30, while also opening the doors to a host of
new applications, such as unconventional transmission and
reflection31,32, sensing functionalities33–36, novel lasers37–41,
and chiral mode transfer42,43. Key to many of these explo-
rations are the special properties of exceptional points (EPs)—
unique spectral degeneracies where the real and imaginary
parts of two or more eigenvalues coincide and the eigenvectors
coalesce1,2,44. Indeed, only realizable in non-Hermitian sys-
tems, EPs mark the boundaries of PT phase transitions and
give rise to the unconventional optical responses mentioned
above. Moreover, they have been shown to possess topolog-
ical properties such as a pi Berry phase and vorticity14,25,45,
and can give rise to open Fermi arcs in the bulk dispersion of
systems29,46.
However, the majority of studies thus far have focused on
the properties of isolated points (0D)29,42,43,47 or continuous
lines (1D)30,48–51 of EPs. Correspondingly, this has limited the
types of achievable band dispersions and observable phenom-
ena in these non-Hermitian systems. This calls for approaches
to go beyond these lower dimensional EP systems and explore
higher dimensional configurations, such as surfaces of EPs.
In this paper, we propose and analyze several models to
realize exceptional surfaces. First, we examine the general
conditions for EPs to occur, and find that the emergence of
EP surfaces require additional symmetry protection, indicat-
ing that EP surfaces can be understood as the generalization of
Hermitian symmetry-protected nodal phases52–58 to the non-
Hermitian setting. Motivated by this, we consider a non-
Hermitian deformation of topological nodal lines, and show
that under certain symmetry conditions, this can give rise to
a non-Hermitian system with EPs configured in a torus ge-
ometry. We show that the EP torus is characterized by sep-
arated components inside and outside the torus, as well as a
quantized non-Hermitian Berry phase inherited from the Her-
mitian nodal line. In addition, we find that the EP surface
encloses an open nodal volume—a three-dimensional gener-
alization of bulk Fermi arcs—in which the real part of two
bands are degenerate with each other within an entire volume.
This offers remarkable control of the band structure and spec-
tral density of states of the system, which could have inter-
esting applications such as enhancing nonlinearities in optical
systems. Finally, we utilize PT -symmetric gain-loss modula-
tion in a simple three-dimensional photonic crystal structure
to realize EP surfaces, which can be readily implemented in
experiments.
II. DIMENSIONALITY OF EP CONFIGURATIONS
We start by considering the conditions to create EPs, in or-
der to understand why 0D or 1D EP configurations are typi-
cally generated. Exceptional points typically occur when the
real and imaginary parts of two or more eigenvalues coalesce
and the eigenspace becomes defective. Mathematically, we
can consider a generic non-Hermitian Dirac Hamiltonian
H =
d∑
i=1
ci(~k)γi + c0(~k), (1)
where~k denotes the momentum in dimension d, the Hermitian
matrices γi obey anti-commutation relations {γi, γj} = 2δi,j ,
and the functions ci(~k) are complex coefficients that include
the non-Hermitian nature of the system. The eigenvalues will
thus take the generic form c0(~k) ±
√∑
i ci(
~k)2, and the de-
sired band degeneracy typically occurs when the argument of
the square root equals zero: i.e. both the real and imaginary
parts of the argument vanish.
Thus, we shall generically find that two constraints need
to be satisfied to create an EP. The dimensionality of the
EP contour generated will then be d − 2 in spatial dimen-
sion d. Indeed, this result has been corroborated in vari-
ous studies, where in 2D, single EPs or pairs of EPs have
been observed29,42,43,47, and in 3D, lines of EPs have been
proposed50,51 and observed30. However, this also implies that
additional mechanisms are required to realize EP surfaces in
physical dimensions within 3.
At this stage, it is instructive to examine the case of Her-
mitian systems: in 3D, the robust spectral degeneracies are
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20D Weyl points54,59–62, and the realization of 1D nodal lines
requires symmetry protection52,55. In analogy, we also ex-
pect the 2D EP surfaces to be symmetry-protected. The sym-
metry conditions, which can include crystalline symmetries
or more general non-Hermitian symmetries17,63,64, can reduce
the number of independent equations that need to be simul-
taneously satisfied, leading to a d − 1 dimensional EP con-
figuration in d dimensions. Indeed, the known examples in
the literature where d − 1 dimensional EP configurations are
found, such as the conventional PT -symmetry breaking tran-
sition that describes a 0D EP in 1D4, and the 1D exceptional
rings48 and exceptional contours49 in 2D, are protected byPT
symmetry. Similarly, we expectPT symmetry to be sufficient
to generate EP surfaces in 3D. We note that adding a constant
gain/loss term will shift the spectrum and nominally break the
PT symmetry, but the spectral degeneracies will remain un-
changed, and thus such a shifted PT -symmetric will also host
EP surfaces.
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FIG. 1. (a,b,c) Spectral degeneracies in Hermitian and non-
Hermitian systems from the model in Eq. (2). The Hermitian nodal
line (a) is protected by a PT symmetry. A symmetry-preserving
non-Hermitian perturbation produces an exceptional torus (b), while
a symmetry-breaking one produces exceptional rings (c). (d) Spec-
tral density of states for increasing non-Hermitian perturbation γ,
with the density of states close to the nodal line frequency (red
dashed line) increasing significantly.
III. EP TORUS FROM A TOPOLOGICAL NODAL LINE
Motivated by the fact that both Hermitian nodal lines and
EP surfaces can be protected by PT -symmetry, we now
consider symmetry-preserving non-Hermitian deformations
to Hermitian nodal lines. This approach thus directly makes
clear the connection between EP surfaces—examples of non-
Hermitian nodal phases—and their Hermitian counterparts.
Compared to previous work that has studied non-Hermitian
nodal lines65, the symmetry preservation plays a key role in
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FIG. 2. (a) Metallic mesh structure with PT -symmetric perturbation
to realize a nodal chain in the Hermitian limit and EP surface under
non-Hermitian perturbations. (b) Nodal chain crossing point (red
dashed lines) can be gapped out by a mass term (blue solid lines).
Depending on the non-Hermitian perturbation strength, the gap be-
tween the EP tori can remain (c) or become connected (d).
generating EP surfaces as opposed to lines of EPs.
First, we consider a minimal two-band model describing an
EP surface, with the Hamiltonian given by
H(~k) = (m− 6 + 2 cos(kx) + 2 cos(ky) + 2 cos(kz))σz
+ 2λ sin(kz)σx + iγσy + E0 − iγ0, (2)
where the non-Hermiticity enters through the σy term, and
the remaining terms describe a conventional Hermitian nodal
ring, shifted by energy E0 and loss γ0. In the Hermitian limit,
the nodal line exists for m > 0, but shrinks as m is decreased
and vanishes for m < 0.
For illustration purposes, we choose parameters m = 6,
λ = 1. In the Hermitian limit γ = 0, the spectral degen-
eracies of the system are shown in Fig. 1(a), clearly showing
two nodal rings. Once a non-Hermitian perturbation γ = 0.8
is included, each nodal ring splits into a torus of EPs, as
shown in Fig. 1(b). The non-Hermitian perturbation is specif-
ically chosen to respect the combined PT symmetry of the
nodal line, where P = σz and T = σzK, K being the
complex-conjugation operation. This guarantees that in the
non-Hermitian setting, the only symmetry-admissible pertur-
bation to the nodal line Hamiltonian is proportional to iσy ,
thus resulting in an EP torus (we do not impose the symmetry
on the shift proportional to identity, as it does not affect the
spectral degeneracies). On the other hand, if we choose a per-
turbation that breaks the PT -symmetry, e.g. iγσx instead of
iγσy , then the conditions for EPs to occur become kz = 0/pi,
m−4+2 cos(kx)+2 cos(ky) = ±γ, which describe four EP
rings instead of EP surfaces65, as shown in Fig. 1(c).
The physics discussed here can be easily realized in mi-
crowave experiments, for example in the system employed in
Ref. 66, which consists of a metallic-mesh 3D photonic crys-
tal. Nodal chains have been discovered in this simple struc-
ture, where the nodal lines are protected by the combinedPT -
3symmetry action and the chain crossing point is additionally
protected by a mirror symmetry.
By adding non-Hermitian perturbations that preserve the
PT -symmetry, as shown in Fig. 2(a), each nodal line can be
split into an EP surface. The deformation to the chain crossing
point however can be more complicated, and in general may
lead to novel EP geometries. At the level of an effective two-
band Hamiltonian, consider the local Hamiltonian in ~k-space
in the vicinity of the nodal chain crossing point:
H(~k) = kxσx + (kykz +mz)σz + iγσy, (3)
where the mass term mz and non-Hermitian perturbation γ
can appear when the mirror symmetry protecting the chain
crossing point is broken. Although the presence of the mass
term will gap out the Hermitian nodal chain crossing point
(Fig. 2(b)), a non-Hermitian term that is larger in magnitude
can restore the connectedness of the feature (Fig. 2(d)), even
if the mirror symmetry of the system is now broken.
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FIG. 3. (a) A photonic crystal consisting of a cubic array (lattice
constant a = 1) of dielectric cubes (side length b = 0.6a), with
dielectric constant  = 12. Under gain-loss modulation, where the
blue (red) cube experiences a loss (gain) γ = 10, an exceptional
surface appears. (b) 2D cross-section of the band structure near the
band-folding line, at a generic kz = 0.13pi/a, in the Hermitian limit
γ = 0. (c,e) Similar 2D cross section of the real (c) and imaginary
(e) parts of the band structure in the non-Hermitian modulated case
γ = 10. (d) Extracted EP surfaces for the model in (c,e).
IV. TOPOLOGICAL AND PHYSICAL PROPERTIES OF EP
SURFACES
We now turn to analyze the topological properties associ-
ated with the EP torus obtained above. For a Hamiltonian
with PT -symmetry, we can choose a basis such that the PT -
symmetry corresponds to complex-conjugation, in which case
the Hamiltonian is guaranteed to be real, and complex eigen-
values must come in complex-conjugate pairs. Therefore,
when changing a Hamiltonian in which all eigenvalues are
real into one in which there are complex-conjugate pairs, the
continuity of eigenvalues requires a degeneracy of eigenval-
ues on the real line to appear in between, corresponding to an
EP. Thus, the inside (complex eigenvalues) and outside (real
eigenvalues) of the torus belong to two disconnected branches,
and there must exist a continuous surface of EPs in between
them. This is further characterized by the discriminant of the
characteristic polynomial of the Hamiltonian (see appendix).
In addition, we find that the generalization of the Hermi-
tian Berry phase protects the EP surface to form a continuous
torus. Since the Hamiltonian still respects PT -symmetry in
the non-Hermitian case, we shall find that the Berry phase
ϕRR = −i
∮
c
〈ψR(~k)|∇~k|ψR(~k)〉, defined via right eigenvec-
tors on both sides, is still quantized to 0 or pi (mod 2pi), as long
as the integration path chosen is in the PT -unbroken phase4,
where all eigenvalues are real (see appendix for details). Note
that by continuity, the region outside of the EP torus, which
was originally gapped in the Hermitian limit, will belong to
the PT -unbroken phase and have real eigenvalues. However,
the Berry phase in the interior of the torus is no longer quan-
tized.
For the preceding model in Eq. (2), we calculate the Berry
phase along different paths outside the torus using the nor-
malized eigenvectors. For a path that does not link with the
EP torus (Fig. 1(b), path [b]), the Berry phase is trivial, while
along a path that links with the EP torus (Fig. 1(b), path [a]),
we find that the Berry phase is equal to pi. These results are
consistent with the pi Berry phase for the Hermitian nodal line,
indicating that this Hermitian topological invariant is inherited
by the non-Hermitian system, and correspondingly the topo-
logical protection against the EP torus breaking apart remains.
The generation of EP surfaces also has important conse-
quences for the bulk dispersion of the system. Similar to the
bulk Fermi arcs that terminate at discrete EPs14,29,46, the in-
ternal volume of the EP surface will have a pair of bands that
are completely degenerate in the real part of their eigenval-
ues, which we call an open nodal volume. The non-Hermitian
term then provides remarkable control of the spectral density
of states of the system: as we continuously increase the non-
Hermitian perturbation from 0 to a large value, the density of
states near the nodal line frequency will be continuously tuned
from a relatively small value, due to the 1D nature of the nodal
line, to a large value, due to the 3D volumetric factor of the
open nodal volume. We calculate the spectral density of states
for the model Eq. (2), taking into account the imaginary part
of the energy as a Lorentzian width. In view of experiments,
we have added a constant loss term γ0 = γ + 0.1 to make
the system completely passive. The results are illustrated in
Fig. 1(d), where the spectral density of states near the nodal
line clearly increases as the strength of the non-Hermitian per-
turbation is increased.
In general, PT symmetry allows a k-dependent frequency
shift E0(k) in Eq. (2) instead of the constant E0. Thus, in
4physical realizations of nodal lines and the corresponding EP
surfaces, the nodal line may not be completely flat in fre-
quency, which will cause some reduction of the accessible
range of density of states. However, the structure shown in
Fig. 2(a) has been shown to have a remarkably uniform nodal
line frequency in the Hermitian limit, with variations less than
1% across the whole Brillouin zone. This makes it a promis-
ing system to observe the EP torus discussed here, as well
as to investigate the evolution of density of states with the
strength of the non-Hermitian term. In addition, the system
can be engineered to possess a non-Hermitian particle-hole
symmetry67, which can protect the nodal volume to be com-
pletely flat.
V. EP SURFACES IN A PT-SYMMETRIC PHOTONIC
CRYSTAL
We now consider a concrete realization of EP surfaces in
a PT -symmetric photonic crystal, obtained from gain-loss
modulation in a regular 3D dielectric photonic crystal. As
shown in Fig. 3(a), the Hermitian photonic crystal consists of
dielectric cubes arranged in a cubic lattice, with parameters
labeled in the figure and captions. The photonic band disper-
sion in a 2D cut at a generic kz value of this structure is shown
in Fig. 3(b), where along the ky = 0 axis, each colored band
actually consists of two degenerate bands with different polar-
izations. By doubling the unit cell size in one spatial direction,
and applying loss on one site and gain on the next, we form
a PT -symmetric photonic crystal with a super-cell size twice
that of the original system.
In Fig. 3(c) and Fig. 3(e), we show the same 2D cut of the
real and imaginary parts of the resulting band structure when
thePT -symmetric non-Hermitian perturbation is applied. We
find that the band structure is separated into two regions, one
in which the real part of multiple bands coalesce, and one in
which the imaginary parts coalesce. The surface separating
these two regions is composed of two bands completely de-
generate in their real and imaginary part, and thus corresponds
to a surface of EPs. By extracting the locations at which this
occurs, we find in Fig. 3(d) that there are indeed two EP sur-
faces in the band structure. The two EP surfaces originate
from different polarizations.
While we have chosen a relatively large non-Hermitian
term to make the effects more apparent, we note that due
to the initial band-folding degeneracy after doubling the unit
cell, a threshold-less PT transition is realized49, and any fi-
nite amount of non-Hermitian modulation is in fact sufficient
to produce an EP surface. The resulting band structure can
be quite significantly modified by the non-Hermitian terms,
showing relatively flat real part dispersions in the direction
perpendicular to the band-folding line (Fig. 3(c)) and sharp
changes in the gain/loss response as the ~k-vector is tuned
(Fig. 3(e)). In addition, a constant shift in complex energy
will not affect the EP surface, so the same design can be im-
plemented in purely passive systems as well.
VI. CONCLUSION AND DISCUSSION
To conclude, in this work, we have proposed various meth-
ods to realize EP surfaces, analyzed their symmetry and topol-
ogy, and discussed straightforward avenues to their experi-
mental implementation in photonic and microwave systems.
We have also shown that the bulk dispersion of these sys-
tems is drastically modified by the inclusion of symmetry-
preserving non-Hermitian terms, giving rise to a highly tun-
able spectral density of states.
While our discussion has focused on systems with PT -
symmetry, the analysis can be readily generalized to other
types of symmetries, including both the conventional sym-
metries specifying the AZ classes53,68 and crystalline symme-
tries, as well as more general types of symmetries according to
the Bernard-LeClair classification17,63,64,69. Similarly, it may
be interesting to consider other types of invariants that may
be defined in this system (such as those corresponding to the
second homotopy group), particularly those that are unique to
non-Hermitian systems. In addition, although we have been
focusing on the bulk properties of EP surfaces, it may be in-
teresting to consider their realization in systems of finite ex-
tent, and understand the associated bulk-boundary correspon-
dence. Indeed, it has been found in lower-dimensional models
that the conventional bulk-boundary correspondence must be
significantly modified, and unusual phenomena such as the
non-Hermitian skin effect can emerge18,20–23.
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Appendix A: Details of Topological Invariants
In this appendix, we present more details for the calculation
of topological invariants for the EP torus with PT -symmetry.
We can choose a basis such that the combined PT opera-
tion, being an anti-linear, anti-unitary symmetry that squares
to 1, mapsH(~k)→ H∗(~k). This implies that the Hamiltonian
can be chosen to be real at each point, and that the complex
eigenvalues in the spectra must consist of complex conjugate
pairs. As discussed in the main text, this implies, by continu-
ity, that the emergence of complex conjugate pairs in the spec-
tra from real eigenvalues necessarily involves passing through
a degeneracy in eigenvalues.
More generally, for a Hamiltonian H(~k), we may write
down the characteristic polynomial. The condition for a spec-
tral degeneracy to occur (i.e. the Hamiltonian has degener-
ate eigenvalues) is that the discriminant of the characteris-
tic polynomial vanishes. At a ~k point where the spectrum is
5completely gapped, we can calculate the sign of the discrim-
inant of the characteristic polynomial (this is a real number
because the matrix is constrained to be real); positive and neg-
ative values must then necessarily belong to different discon-
nected components, and an EP surface is guaranteed to occur
between them. This is a topological invariant that is of the
type of a zeroth homotopy.
As an example, we consider the case of two bands with a
real Hamiltonian, such that
H = c1σx + c2(iσy) + c3σz + c4, (A1)
where ci are real numbers. The characteristic polynomial is
|λI −H| = (λ− c4)2 − c23 − c21 + c22, (A2)
and the discriminant of the characteristic polynomial is
discrim(|λI −H|) = 4(c23 + c21 − c22). (A3)
In the concrete model described in Eq. (2), for a point inside
the EP torus, such as a point on the original Hermitian nodal
line, c1 = c3 = 0, c2 = γ, so sgn(discrim(|λI − H|)) =
−4γ2 < 0. Meanwhile, outside the EP torus, such as at
the origin when γ is small, c1 = 0, c2 = γ, c3 = m,
sgn(discrim(|λI − H|)) = 4(m2 − γ2) > 0. Thus, the two
points lie in different topological components, and there must
be an EP surface separating them.
To generalize the Berry phase of the Hermitian nodal line to
the non-Hermitian setting, we utilize the non-Hermitian Berry
phase defined with right eigenvectors |ψR(~k)〉:
φRR = −i
∮
c
〈ψR(~k)|∇~k|ψR(~k)〉d~k. (A4)
φRR is defined up to 2pi, since we can multiply a continuously
varying k-dependent phase factor in front of the Bloch states.
In the PT -unbroken phase, where all the eigenvalues are
real and non-degenerate, the presence of PT symmetry im-
plies that PT |ψR(~k)〉 = eiθ~k |ψR(~k)〉. Since the eigenvalues
are real, the condition that the path is gapped in the complex
plane implies that there is no band-switching on the path, and
the phase θ~k can be chosen to be continuous. Thus, we have
PT φRR ≡ φRR mod 2pi. On the other hand, we have
PT φRR = −i
∮
c
〈PT ψR(~k)|∇~k|PT ψR(~k)〉d~k
= −i
∮
c
(∇~k〈ψR(~k)|)|ψR(~k)〉d~k
= i
∮
c
〈ψR(~k)|(∇~k|ψR(~k)〉)d~k
= −φRR, (A5)
where we used that PT is an anti-unitary operator on the sec-
ond line, and integration by part on the third line. Equating
the two results, we have φRR ≡ −φRR mod 2pi. Thus, the
non-Hermitian Berry phase defined with right eigenvectors is
quantized to be 0 or pi modulo 2pi.
We note that this relation does not hold in the PT -broken
phase, since the eigenvalues in this case come in complex con-
jugate pairs, and the PT operation can map an eigenstate
to its complex conjugate pair. However, the paths that we
choose for the integration, which are outside the EP torus, are
guaranteed to be in the PT -unbroken phase, since they are
non-degenerate in the Hermitian limit and have not yet passed
through an EP as the non-Hermitian term is increased.
We can explicitly calculate the non-Hermitian Berry phase
along a loop linking with the EP torus. Considering a path
located on a 2D cut kx = 0 of the torus, and writing down a
local model in this 2D plane near the original nodal line, the
Hamiltonian can be written as (after a basis change)
H2D(~k) = kyσx + kzσy + iγσz
=
√
k2 − γ2
(
i sinh θ cosh θe−iϕ
cosh θeiϕ −i sinh θ
)
, (A6)
where we have defined k =
√
k2y + k
2
z , ϕ = arg(ky + ikz),
sinh θ = γ/
√
k2 − γ2, cosh θ = k/
√
k2 − γ2, where we
have chosen a loop with k > γ such that the loop is com-
pletely outside the EP torus (and hence in the PT -unbroken
phase) and links with the torus. The normalized eigenvectors
can then be written as
|ψ±〉 = 1√
2
(
e−iϕ
±1−i sinh θ
cosh θ
)
. (A7)
Integrating using the preceding definition of the non-
Hermitian Berry phase then gives a value of pi. On the other
hand, for a path that is in the PT -broken phase, we find that
the Berry phase is no longer quantized.
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